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The quanti t ies  c h a r a c t e r i z i n g  vapo r  bubble sepa ra t ion  a r e  evaluated.  A quanti tat ive de -  
sc r ip t ion  of the m o v e m e n t  of  a vapor  bubble a f t e r  s epa ra t ion  is given. 

One of the poss ib le  a spec t s  of cons t ruc t ing  an approx ima te  theory  of boil ing is to find the re la t ion  
between the m i c r o c h a r a c t e r i s t i c s  of boil ing and its in tegra l  c h a r a c t e r i s t i c s  needed for  engineer ing  ca l cu la -  
t ions.  To accompl i sh  t h i s  t ask  we m u s t  f i r s t  of all  find the re la t ion  between the m i c r o c h a r a c t e r i s t i c s  of 
boil ing (size of vapor  bubbles ,  f requency o f  the i r  s epa ra t ion  f r o m  the hea t e r ,  c h a r a c t e r i s t i c  ve loc i t i es  of 
bubbles  and the i r  l ife t ime) and the physica l  p r o p e r t i e s  of the medium and r e g i m e  p a r a m e t e r s  of the p r o -  
c e s s ,  including the a c c e l e r a t i o n  of g rav i ty .  

Here to fo re  the bubble s epa ra t ion  s ize  was e s t ima ted  by the F r i t z  equation [1] 

D,~ = 0.02(} y 
U (p_p,,)g., (1) 

which is obtained f rom an approx ima te  solution of the p rob lem of s ta t ic  s tabi l i ty  of a. bubble on a plane 
hor izonta l  wall .  Along with th is ,  in finding the re la t ion  between the f requency  of s epa ra t ion  of bubbles  and 
the i r  d i a m e t e r  it was  a s s u m e d  that  the bubble veloci ty  at the instant  of s epa ra t ion  is equal to i ts  buoyancy 
ve loc i ty  in an unbounded liquid [1], although at  the instant  of quas i - s t a t i c  sepa ra t ion  the bubble ve loc i ty  
should be equal to ze ro .  

Accord ing  to (1), the value of Dd does not depend on the mean  t e m p e r a t u r e  d i f ference  and in a wide 
range  of p r e s s u r e s  is p r ac t i ca l l y  independent of the s . : turat ion p r e s s u r e ,  which cont rad ic t s  the e x p e r i -  
menta l  data [2-5]. The obs e rved  change of D d a~ a function of the acce l e r a t i on  of g rav i ty ,  c lose  to Dd 
~ g - i / 3  [6, 7] ,  a lso d ive rges  f rom Eq. (1). F inal ly ,  in the case  of boil ing of c ryogenic  liquids for which 
the contact  angle 0 is c lose  to ze ro  an e s t ima te  of the bubble sepa ra t ion  d i a m e t e r  by (1) l o ses  all sense .  

The known e s t i m a t e s  of the value of D d [8, 9], which were  obtained f rom the balance  of fo rces  act ing 
on the bubble at  the instant  of sepa ra t ion ,  lead in the l imi t ing  ca se  to Eq. (1) without r e so lv ing  the a f o r e -  
ment ioned cont radic t ions .  In these  works  cons idera t ion  of the dynamic fo rces  was approx ima te  (with an 
a c c u r a c y  to the unknown coefficient) and one-s ided:  e i ther  the d rag  force  [8] o r  the iner t ia l  fo rce  [9] was 
cons idered .  

In all  the ci ted theore t i ca l  p a p e r s ,  just  as  in this one, the separa t ion  of individual,  noninterac t ing  
bubbles  was  studied. Another  approach  is sugges ted  in [10], where  an ensemble  of synchronously  g row-  
ing bubbles  is cons idered .  The equat ion for  the bubble sepa ra t ion  d i ame te r  obtained in [10] also leads  to 
(1), but not a t  high, as  in [8, 9], but at r a t he r  low p r e s s u r e s .  The dynamic fo rces  in the case  of an en-  
s emble  of bubbles  t r y  to s epa ra t e  the bubble f rom the hea te r  and the i r  act ion is intensif ied with an in-  
c r e a s e  of the num ber  of vapor iza t ion  cen t e r s ,  i .e . ,  with an i nc r ea se  of p r e s s u r e .  

In the p r e s e n t  a r t i c l e  we p ropose  to evaluate  the conditions of s epa ra t ion  of noninterac~ing vapo r  bub-  
b les  in which we will cons ider  the su r face  tension fo rce ,  iner t ia l  fo rce ,  and d rag  fo rce ;  the l a s t  two fo rces  
a r e  evaluated with cons idera t ion  of the effect  of the wall  [6, 7]. Unlike [8, 9] we will a s s u m e  that  in the 
l imi t ing  case  of the quas i - s t a t i c  r e g i m e  of sepa ra t ion  of the bubbles the l a t t e r  s epa ra t e  f r o m  m i c r o e a v i t i e s .  
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This assumpt ion  is substant ia ted at l eas t  for cryogenic  liquids and leads to the dependence of Dd on g coin-  
ciding with the exper imenta l  [6, 7]. 

1. Evaluat ion of the Quantit ies Charac te r i z ing  the Start  of  the Stage of Vapor  Bubble Separation.  We 
will use  a scheme of mot ion of the vapor  bubble f rom the instant  of its o c c u r r e n c e  (7 = 0) until s epara t ion  
(7 = Td) s i m i l a r  to that p roposed  in [11]. W e  will dist inguish th ree  s tages  of bubble mot ion nea r  the h o r i -  
zontal hea te r  (wall). 

Stage I ,  the growth s tage ,  occupies  the t ime in terval  f rom the o c c u r r e n c e  of the bubble (7 = 0) until 
the s t a r t  of its separa t ion  f rom the wall  (7 = ~'0). During s tage I the fo rces  act ing on the vapor  bubble t o -  
ward  the wall  (downward) a r e  g r e a t e r  than the fo rces  t ry ing  to sepa ra t e  the bubble f rom the wall .  The 
center  of gravi ty  of the spher ica l  bubbles moves  accord ing  to the law of change of its rad ius  

! 

S = R --:- 13"~ T. (2) 

Stage II,  the separa t ion  s tage ,  begins at  instant  r = T 0, a t  which the fo rces  act ing on the vapor  bubble 
contacting the wall a r r i v e  at  equil ibri t tm. The vapor  bubble continues to expand, in this case  S > R, 
> R. F r o m  the balance of fo rces  act ing on the vapor  bubble during s tage II  we can obtain i ts  equation of 
motion.  Stage II ends with separa t ion  of the bubble f rom the "foot" or  with an abrupt  depa r tu re  f rom the 
wall with a s imul taneous cessa t ion  of the growth of the vapor  bubble. The coordinate  of the posi t ion of the 
center  of gravi ty  of the bubble a t  the instant  of separa t ion  ~- = T d can be found in the f i r s t  approximat ion  
f rom the empi r i ca l  re la t ionship  [12] 

S,~ ~: 1.5Rd. (3) 

During s tage III ,  the buoyancy s tage ,  the veloci ty  of  the bubble i n c r e a s e s  to a e o n s t a n t v a l u e  u, d e t e r -  
mined by the balance of the buoyant force  and drag.  

We will de te rmine  the conditions of t rans i t ion  of s tage I to s tage II,  i .e . ,  the s t a r t  of bubble s e p a r a -  
tion, f rom the equi l ibr ium of fo rces  

Fg =: Ft~ �9 } F,, i Fo, (4) 

where  Fg is the buoyant fo rce ,  F R is the reac t ion  force  of the liquid, Fu is the drag ,  and F a is the s u r -  
face tension. Using the express ions  of the veloci ty  potential  for  a bubble expanding nea r  a wall  [6, 7], 
method of de te rmin ing  F v [13], and (2), we obtain: 

4 ~pR~(8/~ R I- 15R") =:-~ O~ 4, 
F R =  21 

F,~ = 20a~tRR .... lOnelY ~, 

(5) 

(6) 

F~ == 2gRc'~, (7) 

F~ = _4_ ~R 3 6o - -  03 g, (8) 
3 

In calculat ing the su r face  tension we will take as Re,  for  de te rminacy ,  the opt imal  rad ius  of the 

cavi ty  during nucleat ion [14] 

R~= 4aT. (9) 
LO"AT 

Substituting (5)-(8) into (4), we obtain the values  of the t ime  and rad ius  of the bubble co r respond ing  to the 

s t a r t  of i ts  separa t ion :  
2 2 1 4 1 

,to::Co~3g ~, R o = C o 2 ~ a g  3, (10) 

where 
o 2 2 2 

2. Evaluat ion of the Quantit ies Charac te r i z ing  the Start  of the Stage of Bubyancy of the Vapor  Bubbles .  
The equation of mot ion of the bubble in stage lI can be obtained f rom Newton 's  second law 

d (M"S) = FR --}- FD-- Fg, (12) 
dr 

812 



X 
4' 

/,2 o 

o 

z # ~, o # o Iz p 

Fig. 1 Fig. 2 

Fig. 1. Dimensionless  t ime of separat ion of vapor  bubbles x = T d 
/ r  o vS p a r a m e t e r s  ~ and y :  1) y = 0; 2) 1; 3) 3; 4) 10. 

Fig.  2, Bubble separat ion d iameter  Dd (mm) vs p r e s s u r e  p (bar). 
Closed points: exper imental  data; open points:  calculation. 

where FD is the drag  for a bubble not contacting the wall [6, 7]: 

FD = 12nlaR,~. (13) 

The equation of bubble motion which is obtained after substituting (8) and (13) and the expressions for F R 
[6, 7] into (12) with disregarding of the left side of (12) in view of its smallness is easily solved by the 
numerical method [6]. As a first approximation we can use the eqtmtion of motion of an expanding bubble 
in an unbounded liquid 

SR 3S/~ ~ 18____%v S = 2gR. (14) 
R 

Substituting the law of bubble growth (2) into (14) and solving (14) for initial conditions S(r0) = R 0 = f l . r V 2 ,  
~(To) = 0 . 5 f l r ~ l / 2 ,  we will have 

_ ( -~ ' ,  g'~"- 1 [~.c~+ ~, g +v . . . .  _ _ .  2g'~5 ' 2 1 + ? ~ 
(15) 2.5 -:- ~,' I 2? ~ 2.5 -!-- ~,' 2.5 -I- ? 1 -F" 2? 

S _ . 

y = 18P/fl 2. where 

F r o m  (3) and (15) we obtain the equation for x = r d / T  o, the solution of which gives the t ime of sepa-  
ra t ion Td: 

1 1 

x,_ 3~x ~ 2 ( ~ - - 2 ) x - : s  5 :-27 4(1-! 7)~=_0" (16) 
1 - i  2~, 1 -2~ ,  1 - ~ 2 7  

The solution of (16) is de termined by the value of the pa r ame te r  ~ = (2.5 + T ) / 2 C ] / 2  and depends 
weakly on the p a r a m e t e r  y (see Fig.  1). In the f i rs t  approximation the dependence of x on ~ can be r e -  
p resented  in the form 

x = 1 -t-0.7~. (17) 

We note that on including in Eq. (16) the t e rm re la ted  with surface  tension (7) its solution r emains  p r ac t i -  

cally the same.  

The bubble separat ion radius  and the t ime of its separat ion can be represen ted  in the form 

4 l 2 

Ra CR ~ 3 g ~ . . . .  ~ - y  := , z , t : : C ~ "  g , (18)  

where C R = (C0x) 1/2. 

3. Dynamic and Quasi-Stat ic  Bubble Separation Regimes .  We will consider  two l imiting bubble 
separa t ion r eg imes :  quas i - s ta t ic  for F a >> F R, F a >> Fv and dynamic for FR >> F a,  FR >> Fv .  The 
f i r s t  r eg ime is cha rac te r i s t i c  for re la t ively  high p r e s s u r e s  (for example,  for p >> 1 bar  in the case  of 
such liquids as water  and alcohols) ,  and the second for low (p << 1 bar).  In the quas i - s ta t ic  reg ime the 
equation of bubble motion degenera tes  to the condition of bubble separa t ion at T = r0; f rom Eq. (16) follows 
r d ~ T 0. The conditions of bubble separa t ion  in this case  a re  wri t ten in the form 
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TABLE 1. Value of the Growth Moduli fl during Boi l -  
ing of Water  

aT. d*g 

10 
20 

J a  

~, emAec'./' 
-~e~ L~b- afte~ Coi~ t ~fter P~s~ ;  
]untsov -8hulman ] -Zwick 

30 1 0 , 8  
60 1,1 

1,3 1 2,4 
2,2 4,8 

! 2 

In the dynamic r eg ime  of bubble separat ion ~ = 5, which gives x ~ 4.5, and the separa t ion  conditions 
have the fo rm 

4 1 2 2 

Ra..~ 1.34~Yg--~-, .~a ~ 1.8~3 g 3 (20) 

An equation for Rd, analogous to (19), was proposed by Zuber [5]; Eq. (20) with the same numer ica l  
coeff icient  was obtained by Labuntsov and Yagov [15, 16] on the basis of a di f ferent  model  of separat ion.  

The conditions of exis tence of the dynamic r eg ime  a re  de te rmined  f rom (18) by the inequality F R 
> F a ,  or  

~ >  -- . ( 2 1 )  

F o r  wate r  at a tmospher ic  p r e s s u r e ,  f rom (21) follows fl > 0.7 c m / s e c l / 2  at  AT = 10 ~ and ~ > 0.6 
c m / s e e  1/2 at  AT = 20 ~ The bubble growth modulus fl can be de termined  by the equation 

= C~J an~ V a ,  (22) 

where  nfl = 0.5, Cfl = ~f12 (Labuntsov equation) f f J a  < 10-20; nfl = 0.75, Cfl = 2.5 (Cole -Shulman  equa-  
tion) i f  Ja  _> 20-30 [15]. F o r  boiling of superheated liquids fl is desc r ibed  by the p l e s s e t - Z w i c k  equation: 
nfl = 1, Cfl = 1.95. Table  1 p resen t s  the values  of B for wate r  calculated by (22). 

I t  follows f rom Table  1 that the bubble separa t ion  r eg ime  in the case  of boiling of wate r  at a tmo-  
spher ic  p r e s s u r e  can be cons idered  dynamic at AT _> 10 ~ 

The equations for r d and R d p e r m i t  a qualitative explanation of the cont rad ic tory  s ta tements  in the 
l i t e r ak t r e  on the dependence of the f requency and separa t ion  d i ame te r  on the density of the heat flux q and 
p r e s s u r e  p. Suppose that q ~ AT 3. Then,  using the Labuntsov dependence for  8 ,  in the case  of  the quas i -  
s tat ic  r eg ime  we obtain 

I 1 5 5 

Rdst N AT~3-~ q--~ AT~- ~ q-9-, 

and in the dynamic r eg ime  
2 2 1 1 

Rddyn ~ A T T ~  qV, T d d y  n ~ AT a ,.. q 9 

Thus an increase  of q in the quas i -s ta t ic  bubble separat ion reg ime  should lead to a noticeable r educ -  
tion of the t ime of the i r  growth r d  at  prac t ica l ly  identical  separa t ion  d i ame te r s  Dd. In the dynamic reg ime  
an inc rease  of q leads to a slight increase  of Dd at a prac t ica l ly  unchanged t ime of growth. 

The regu la r i t i e s  of  the change of D d and r d with p r e s s u r e  will also be different .  Considering as  the 
f i r s t  approximat ion R e ~ p - l ,  fl ~ p - l / 2 ,  we obtain r e spec t ive ly  for  the quas i -s ta t ic  and dynamic r eg imes  

1 1 2 I 

Rast: P--~ ~st ~ p T  - ~-~ -~- " ~  , ; R d d y n  '~" P T d d y n  ~ P 

Thus in the case  of the quas i -s ta t ic  r eg ime  the separa t ion  d i ame te r  of the bubble d e c r e a s e s  with 
p r e s s u r e  with a s imultaneous inc rease  of the bubble growth t ime.  

Equations (18) de te rmine  the optimal values  of R d and r d. The lower  l imi t  of . these values  is d e t e r -  
mined by Eqs.  (1), (11). To find the upper  l imi t  we use instead of  (3) the condition Sd -< u, having d e t e r -  
mined the constant  bubble buoyancy veloci ty  as  u = 2 . 1 4 - ~  [13]. Having di f ferent ia ted (15) with r e spec t  
to t ime,  substi tuted the value S d = u into it,  and t r an s fo rm ed  the equation obtained, we a r r i v e  at  Eqs.  (18), 
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TABLE 2. C o m p a r i s o n  of Theore t i ca l  Separat ion 
D i a m e t e r s  of  Vapor  Bubbles  and Expe r imen ta l  Data 

D d , 1TIII1 

P, bar 

11,95 
9,5 
7,35 
5,65 
5,69 
4,22 
3,16 
0,97 
0,9 
0,588 
0,578 

ar, deg 

2,55 
3,2 
3,4 
4,35 
5,1 
2,8 
5,5 
4,9 
9,3 

16,6 
12,2 

experimen- 
tardata [4] 

0,2 
0,27 
O, 252 
0,28 
0,368 
O, 248 
0,352 
0,512 
0,657 
0,932 
0,83 

calc, by(18) 

0,145 
0,18 
0,175 
0,2l 
0,22 
0,255 
0,265 
0,515 
0,72 
1,20 
0,99 

calc. by [10] 

0,115 
0,18 
0,225 
0,25 
0,20 
0,82 
0,50 
0,95 
0,96 
0,90 
0,98 

but with d i f ferent  va lues  of the coeff icient  C R. In p a r t i c u l a r ,  for  the dynamic s epa ra t i on  r e g i m e  we obtain 
CR ~ 1.9, which exceeds  only by 40% the opt imal  value CR = 1.34. 

In the case  of the dynamic r e g i m e  there  is a s imul taneous  d e c r e a s e  of the sepa ra t ion  d i a m e t e r  and 
life t ime of the bubble.  If  an  i nc rea se  of p r e s s u r e  causes  t rans i t ion  f rom the dynamic  to the quas i - s t a t i c  
r e g i m e ,  the life t ime of the bubble can r e m a i n  unchanged due to some  mutual  compensa t ion  of the dynamic 
fo rces  and sur face  tension.  However ,  the bubble s epa ra t ion  d i a m e t e r  (for the s a m e  t e m p e r a t u r e  d i f f e r -  
ence) will a lways  d e c r e a s e  with inc rease  of p r e s s u r e .  

To check the c o r r e c t n e s s  of the re la t ions  p roposed ,  the sepa ra t ion  d i a m e t e r s  of vapor  bubbles dur ing 
boiling of F reon -12  w e r e  calcula ted.  The r e su l t s  of the calcula t ions  and Dani lova ' s  expe r imen ta l  data [4] 
for  the s ame  t e m p e r a t u r e  d i f fe rences  and p r e s s u r e s  a r e  p re sen ted  in Fig. 2. The a v e r a g e  expe r imen ta l  
va lues  [4] have the s ame  s ca t t e r  r e l a t ive  to the ave r age  expe r imen ta l  cu rve  as  the ca lcula ted  va lues  of D d. 

Table  2 p r e s e n t s  the r e s u l t s  of calcula t ing D d by Eq. (18) and by the equation obtained in [10] for  an 
ensemble  of s imul taneous ly  growing bubbles.  The value of the contact  angle in the l a t t e r  case  was a s s u m e d  
equal to 45 ~ [4]. 

We see  f rom Table  2 that  in the m a j o r i t y  of c a s e s  both theore t ica l  equations with a m a x i m u m  e r r o r  
of :E 40% desc r ibe  the expe r imen ta l  data.  However ,  equation [10] gives m a r k e d l y  o v e r s t a t e d  values  of D d 
(for ins tance ,  by 230% for  p = 4.22 bar)  in the case  of smal l  t e m p e r a t u r e  d i f f e rences ,  i .e . ,  in the case  of  
a r e l a t ive ly  smal l  num be r  of vapor iza t ion  cen t e r s .  In addition, equation [10] gives p rac t i ca l ly  the s a m e  
va lues  of D d at  p r e s s u r e s  below I ba r ,  which is r e l a t ed  with the inappl icabi l i ty  of the s ta t ic  model  of bubble 
s epa ra t ion  at  low p r e s s u r e s .  

4. Relat ion between Separat ion D i a m e t e r  and Frequency  of Separat ion of Vapor  Bubbles .  The r e l a -  
t ionships  p r e sen t ed  p e r m i t  obtaining ce r t a in  equations re la t ing  the f requency and d i a m e t e r  during bubble 
separa t ion .  We note that  

1 1 ~a - - C !  1 
i =  (3,,- ~,,,)- ~ ~,~+~ ~ 

F r o m  the law of bubble growth (2) follows d i rec t ly  

/~df : 4CI~ ~. (23) 

At suff icient ly l a rge  p r e s s u r e s  or  dens i t ies  of the heat  flux Cf ~ 1 and the product  D~f = 4t32 depends only 
on the conditions of bubble growth,  i .e . ,  p r e s s u r e  and t e m p e r a t u r e  d i f ference  AT. F r o m  (18) we can ob-  
ta in  an equation analogous to the s e m i e m p i r i c a l  M a c F a d d e n - G r a s s m a n  re la t ionsh ip  

' 1 / ~ C f  ' ' 
n ~  [ - -  C~,e - g "  = C g "  . (24) 

The coeff ic ient  C has  a m a x i m u m  value in the case  of the dynamic  sepa ra t ion  r e g i m e  and Cf = 1 (C = 0.9), 
which a g r e e s  with the known expe r imen ta l  data  [17]. 

F r o m  (15), (18), and (20) we obtain the following e x p r e s s i o n  for  the c h a r a c t e r i s t i c  bubble ve loc i t ies :  

'2 1 . 3  

f D  d : 2CtC~Rl ~ 3 g 3 = 2CsC~l  CR ~ u; (25) 
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5 2 1 

= Sd ---- 2C~ [ 1 -- (l -{- 0,7~) - (0,5~ - -  l)] (26) 
2 , 5 + V  

The quantit ies Sd and fD d will have maximum values  in the dynamic bubble separa t ion  r eg ime  S d ~ fDdC~ 1 
0.6u. In the quasi -s ta t ic  separat ion reg ime  S d ~ 0. The values of acce le ra t ions  before  separat ion (T 

= r d - 0 ) :  Sdst ~ 0, Sddyn ~ 0.8g. 

5. Movement  of Vapor Bubbles a f t e r  Separation. If the bubble does not inc rease  af te r  separat ion,  i ts 
equation of motion can be wr i t ten  with sufficient accuracy  in the form [6] 

Solving (27), we obtain 

S R - -  3 CD ,S" 2gR = O. (27) 

expl  4g (~--~d)] r u--S,1 
S=u  u co == (28) 

exp[ 4gu (~--~,t)J "-co u - ! - S d '  

where  the constant bubble buoyancy veloci ty  u ~- 2 . 1 v ~ - ~  for  Reynolds numbers  of the o rd e r  of 102-103 [13]. 

The acce le ra t ion  of the bubble at the instant of separa t ion  (T = T}i + 0) can be wri t ten  in the form 
8o) 

~ d  (1-; ~) 2g '  

The values of the p a r a m e t e r  ~ lie within ~ = 0.25-1, whence follows 1.3g < Sd < 2g, the lower l imit  p e r -  
taining to the dynamic and the upper to the quas i -s ta t ic  separa t ion  reg ime .  

The t ime of the bubble 's  a t ta inment  of a constant  buoyancy veloci ty  a f te r  separat ion,  de te rmined  by 
the 2O-fold de c r ea se  of its maximum acce lera t ion ,  is equal to: 

3 u 
T~ - -  v,~ -~ (29) 

4 g 

The s ta tements  found in the l i t e r a tu re  that the bubble a f te r  separat ion immedia te ly  acqui res  a con-  
stant  ve loci ty  [1] a re  t rue  within es t imates  (28), (29). 
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N O T A T I O N  

is the the rmal  dfffusivity; 
is the bubble separa t ion  d iamete r ;  
a re  the fo rces  acting on the bubble; 
is the acce le ra t ion  of gravi ty;  
is the latent  heat of evaporat ion;  
is the cavity radius;  
is the sa tura t ion t empera tu re ;  
i s  the wal l - - l iqu id tempera ture  d i f ference;  
is the growth modulus;  
a re  the density of liquid and vapor ;  
a re  the dynamic and kinematic v iscos i ty ;  
is the surface  tension; 
is the Jacob number .  

S u b s c r i p t s  

0 
d 
st  
dyn 

. 

2. 

denotes the s t a r t  of bubble separat ion;  
denotes the bubble separat ion;  
denotes the stat ic separat ion reg ime;  
denotes the dynamic separa t ion  reg ime.  
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